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Coherent multidimensional spectroscopy in polariton systems
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The fast dynamics of molecular polaritonics is scrutinized theoretically through the implementation of two-
dimensional spectroscopy protocols. We derive conceptually simple and computationally efficient formulas to
calculate two-dimensional spectra for molecules, each of them modeled as a system of two electronic states
including vibrational relaxation, immersed in an optical cavity, thus coupled to quantized radiation. Cavity
photon losses and molecular relaxation are incorporated into the Hamiltonian dynamics to form an open quantum
system that is solved through a master equation. In the collective case, the relaxation dynamics into dark
states is revealed to be the crucial factor to explain the asymmetries in both the diagonal and cross peaks of
two-dimensional spectra for long waiting times between excitation and detection, a feature shown by recent
experiments. Our theoretical method provides a deeper insight in those processes that yield relevant signals in
multidimensional molecular spectroscopy.
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I. INTRODUCTION

Aggregates of organic molecules subject to confined elec-
tromagnetic fields in extended cavities provide a test bed
to understand the interplay between excitons, vibrations and
phonons, and photons in physics. Excitations in these collec-
tive systems produce entangled quasiparticles (polaritons) that
inherit properties from both matter and light [1–4]. The fast
inner workings of these complex systems in the short time
domain are still far from being fully understood. To unveil the
polariton dynamics of these systems, ultrafast laser techniques
based on pump-probe principles can be applied. Coherent
multidimensional spectroscopy (CMDS) provides insight into
the vibronic structure and ultrafast dynamics of molecular
systems upon optical excitation [5–11]. CMDS yields corre-
lated signals between the frequencies of absorption and those
of detection, which allows for a deeper understanding of the
fast excitation, emission, and relaxation mechanisms of the
system. CMDS has already provided remarkable new insights
into photophysics and photochemistry [12,13] since it allows
a direct spectroscopic observation of couplings, system-bath
interactions, and energy relaxation within microscopic sys-
tems. Two-dimensional infrared (2D-IR) spectroscopy and
two-dimensional electronic spectroscopy (2DES) are of par-
ticular relevance and reveal insightful details about polaritonic
systems under vibrational [14–16] and electronic [17] strong
coupling, respectively.
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Model Hamiltonians in quantum optics have been quite
successful to describe the fundamental physics behind photon-
matter interactions, from quantum Rabi to Jaynes-Cummings
(JC) models in the case of a single emitter [18,19], to Dicke
and Tavis-Cummings (TC) models for a collection of emitters
[20–22].

In this article, we theoretically study and analyze CMDS of
organic molecule polaritons under electronic strong coupling.
For the sake of completeness and clarity, we first study the
prototypical JC case of a single emitter and then extend the
description to the TC case with multiple molecules. Inspired
by the asymmetric signals observed in recent CMDS experi-
ments involving molecular J-aggregates immersed in optical
cavities [23], we study the 2DES signals derived from an
open quantum system consisting of a TC Hamiltonian with
N identical emitters, each described by two electronic states
subject to dissipative and relaxation processes induced by
vibrational modes. Our model is expected to apply to an
ensemble of dye molecules with a weak exciton-phonon cou-
pling characterized by small Huang-Rhys factors and Stokes
shifts, so that the coupling to molecular vibrations can be
treated perturbatively. In particular, molecular J-aggregates
form delocalized collective electronic states, whose coupling
to vibrational modes is weak [24,25]. The polariton photo-
dynamics of a TC model has also been investigated recently
in connection with pump-probe spectroscopies [26]. Other
recent works on 2DES using the quantum stochastic Liouville
equation [27,28] or the Heisenberg-Langevin model [29] are
of interest.

The paper is organized as follows. The theoretical frame-
work is explained in Sec. II, where we review some aspects
of the polariton structure of JC and TC models relevant for
our study. Since we deal with an open quantum system, the
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master equation is solved using the Liouvillian superoperator.
We describe the representation of the Liouvillian matrix and
the distribution of its complex eigenvalues and give a compre-
hensive account of the routes to calculate linear (absorption
and emission) and especially the nonlinear multidimensional
spectroscopic signals, arriving at a remarkably simple for-
mula expressing these signals using the eigenstate of the
Liouvillian.

Our results are presented in Sec. III–first, the linear spectra,
which already show asymmetry in the absorption and emis-
sion of the lower and upper electronic polaritons. We give a
detailed survey on the successive steps that build up the asym-
metries in 2DS (two dimensional spectroscopy), the separate
role of populations and coherences in the nonlinear spectra,
the partial components contributing to the 2DS according to
the Feynman paths, and the changes in the spectra as the
number of molecular emitters increases. We finally use our
method to reproduce the main features of 2DS obtained in
recent experiments with molecular J-aggregates within optical
microcavities. In Sec. IV we present our conclusions and some
future perspectives.

II. THEORETICAL FRAMEWORK

A. Hamiltonian and master equations

The Tavis-Cummings model for N identical two-level
emitters interacting with a single-cavity mode is described by
the following Hamiltonian (with the case N = 1 correspond-
ing to the Jaynes-Cummings model):

Ĥ = h̄ωcâ†â + h̄ω0

N∑
i=1

σ̂
†
i σ̂i + h̄g

N∑
i=1

(â†σ̂i + σ̂
†
i â), (1)

in terms of the photon creation (annihilation) operator â† (â)
and the excitation (deexcitation) operator σ̂

†
i (σ̂i) of molecule

i. The emitters with natural frequency ω0 interact with a
single-mode cavity radiation with frequency ωc (with a de-
tuning � = ωc − ω0) that leads to an energy splitting �R =√

4Ng2 + �2 (called the Rabi splitting in the case � = 0).
When comparing results with different numbers of emitters N
below, we scale g so as to maintain Ng2 and thus �R constant.

Two-dimensional spectroscopy within a perturbative
regime involves states in the lowest excitation manifolds �0,
�1, and �2, where the subscript denotes the number of ex-
citations in the system. A general diagram of the polariton
energy levels of the JC Hamiltonian for one emitter and TC
Hamiltonian for N > 2 emitters in resonance, ωc = ω0, is
shown in Fig. 1. In both cases, the zero-excitation manifold
contains a single state, the ground state |G〉. For the JC
Hamiltonian, in Fig. 1(a), all other excitation manifolds �n

contain two states, a lower |Ln〉 and an upper |Un〉 polariton
with Rabi splitting ωUnLn ≡ ωUn − ωLn = √

n�R (for simplic-
ity, we drop the n subindices for n = 1) that increase with
excitation number n (commonly called the vacuum Rabi split-
ting for n = 1). The dominant radiative transitions for external
driving of the system are indicated with red double arrows in
the figure. Blue single arrows indicate the transitions induced
by dissipative processes, with cavity photon losses indicated
by solid lines (these are the same transitions that are accessible
by external driving, i.e., the solid blue and red arrows are the

FIG. 1. Scheme of energy levels and dominant transitions for
(a) the Jaynes-Cummings Hamiltonian with one emitter and (b) the
Tavis-Cummings Hamiltonian with N > 2 emitters.

same) and vibrational relaxation between polaritons mediated
by molecular dephasing-type interactions indicated by blue
dashed lines (which only occur between states within a given
excitation manifold). In Fig. 1(b), we show a scheme of energy
levels for a TC Hamiltonian with N emitters. The first excita-
tion manifold �1 consists of lower |L〉 and upper |U 〉 states,
separated by the Rabi frequency �R and N − 1 degenerate
dark states |D〉. The second excitation manifold �2 has four
energy levels: lower |L2〉 and upper |U2〉 polaritons plus N − 1
degenerate states |A2〉 and N − 1 degenerate states |B2〉, along
with N (N − 3)/2 + 1 degenerate states |M2〉. For the case
N = 2, the states A2 and B2 are degenerate and the states M2

disappear. The definitions for the vertical arrows are identical
to Fig. 1(a). In the limit N → ∞, the TC model becomes
linear, i.e., the collection of identical emitters behaves like a
harmonic oscillator [22], and the system is then described by
normal modes (independent harmonic oscillators) [30]. The
n-excitation energy levels can then be understood as corre-
sponding to the excitation of n independent quasiparticles
(e.g., for n = 2: two lower polaritons, or two upper polaritons,
or one lower polariton and one dark exciton, etc.). For N � n,
this is still a useful picture even when N is finite, with small
energy shifts that can be interpreted as interactions between
the quasiparticles.

We assume that the polariton system is embedded within
an environment that produces incoherent dynamics, in partic-
ular photon losses from the cavity. We also treat the internal
vibrational modes of the molecules (and their coupling to
vibrations and phonons in the host material) as an effective
bath with a dephasing-type interaction. The open quantum
system is then treated under the Markovian approximation
[31–33]. Thus, the dynamics of the system density matrix
is governed by a Liouville master equation ˙̂ρ(t ) = L̂[ρ̂(t )],
where the Liouvillian superoperator is given by

L̂[ρ̂(t )] = − i

h̄
[Ĥ , ρ̂(t )] + κL̂â[ρ̂(y)] +

∑
i

	̂σ̂
†
i σ̂i

[ρ̂(t )], (2)

with a standard Lindblad term L̂â for the cavity losses with
decay rate κ (lifetime 1/κ)

L̂â[ρ̂(t )] = âρ̂(t )â† − 1
2 {â†â, ρ̂(t )}. (3)

The vibrational bath is described through a Markovian Bloch-
Redfield-Wangsness (BRW) superoperator 	̂Ô for a single
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FIG. 2. Location of the Liouvillian eigenvalues λαβ = −	αβ −
iωαβ in the complex plane for the open Jaynes-Cummings model
(blue open circles) and the open Tavis-Cummings model for N = 2
emitters (red circles). In both cases, ωc = ωe = 2 eV and h̄�R =
0.1 eV. Cavity lifetime is 15 fs (h̄κ = 44 meV) and molecular relax-
ation time is 50 fs (h̄γ = 13 meV). The real part Re[λ] is related to
the total decay width (to all final channels) and the imaginary part
Im[λ] to energy differences between any two Hamiltonian eigen-
states. The most relevant eigenvalues corresponding to populations
λ�i�i and coherences λ�i� j and the latter only when �1 � �2 (for
the opposite they are complex conjugated) are indicated in the plot.

emitter in the form

	̂Ô[ρ̂(t )] = − 1

h̄2

∑
m,n

{Ômn[Ô, |m〉〈n|ρ̂(t )]SB(ωmn) + H.c.}

(4)

expressed in the Hamiltonian eigenbasis {|n〉} [31,34]. It is
worth noting that the usual secular approximation is not
implemented in this work while (Lamb) energy shifts are
neglected. The BRW formalism describes the system-bath in-
teraction induced by the molecular dephasing-type operators
σ̂

†
i σ̂i, which mediate vibrational relaxation between the polari-

tons [35]. The bath (assumed independent for each molecule)
is characterized by the noise power spectrum

SB(ω) =
{

(1 + n(ω))J (ω) ω � 0

n(−ω)J (−ω) ω < 0
, (5)

where n(ω) = 1/(eh̄ω/kBT − 1) is the Bose-Einstein thermal
population and J (ω) the spectral density of the bath. In the
following, we treat two cases: (1) a simplified model at
zero temperature, where n(ω) = 0 and the spectral density
J (ω) = γ is constant, and (2) a more realistic model at finite
temperature with a spectral density of Debye form, J (ω) =
2γ δω/(ω2 + δ2), with a molecular relaxation rate γ and a
cutoff parameter δ.

B. Liouvillian eigenvalues and eigenstates

The master equation, Eq. 2, describes the evolution of
the density matrix in the presence of dissipative terms. The

FIG. 3. Scheme for the structure of the Liouvillian (25 ×
25) matrix with elements L�i,� j ;�k��

represented in terms of the
Hamiltonian basis set of the Jaynes-Cummings model up to the
second excitation manifold {G, L,U, L2,U2}. The full matrix is or-
ganized as five independent block matrices (the second 6 × 6 and
third 2 × 2 block matrices in the figure must be accompanied with
their respective complex conjugates). Colored grids correspond to
nonzero matrix elements. Colors inside each grid indicate the in-
coherent mechanism contributing to the element: photon loss with
purple (dark gray) dephasing type with orange (medium gray) or both
of them with green (light gray).

Liouvillian superoperator is not Hermitian and thus has com-
plex eigenvalues. The density operator can be represented in
the Hilbert space basis, ρ̂ = ∑

αβ ραβ |α〉〈β|, with a dimension
dim2

H , where dimH is the dimension of the Hilbert space.
The Liouvillian superoperator is then an object with four
indices, Lαβ;α′β ′ , but can be interpreted as a matrix in the
Liouville space basis, whose elements |αβ〉〉 map directly
to the corresponding Hilbert space operators |α〉〈β|. The
Liouvillian matrix representation thus has dimension dim2

H ×
dim2

H . When it is diagonalizable, L̂ is characterized by its
(complex) eigenvalues λi as well as its right and left eigenvec-
tors, |vi〉〉 and 〈〈vi|, with 〈〈vi|v j〉〉 = δi j . Often, the imaginary
part of λi is very close to an energy difference between two
eigenstates |α〉 and |β〉 of the Hamiltonian, and the corre-
sponding eigenvalues of L̂ can be approximately labeled as

λαβ = −	αβ − i(ωαβ + παβ ), (6)

where ωαβ = (Eα − Eβ )/h̄ corresponds to the energy differ-
ence between the two eigenstates and παβ is a small shift. For
the case α = β, both ωαβ and παβ are zero and the Liouvillian
eigenvalues are real. In that case, the identification in terms of
state labels can be performed by inspection of the expansion
coefficients of the Liouvillian eigenstates.
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In Fig. 2, we show the Liouvillian eigenvalues and corre-
sponding state labels (up to the second excitation manifold)
of the JC model (five states) and the TC model for N = 2
emitters (eight states), with 25 and 64 Liouvillian eigenvalues,
respectively. Eigenvalues corresponding to population dynam-
ics λαα lie along the real axis, while those corresponding to
coherences λαβ have nonzero imaginary parts. Notice that
the real parts of λ for N = 1 effectively act as lower and
upper bounds for decay widths of polariton systems with
N > 1 (except for the presence of new dark states and their
coherences), thus indicating in general a nonlinear scaling of
decays for higher excitation manifolds as N increases. For the
real eigenvalues, one can observe a hierarchy in the total pop-
ulation decay rates, 0 = 	GG < 	LL < 	UU < 	L2L2 < 	U2U2 .
The fastest decay corresponds to the highest energy level |U2〉
due to the large number of available decay channels (both
photonic and vibrational). It is worth noting that coherences
also decay along with populations.

The structure of the Liouvillian matrix (which is the gener-
ator of the dissipative dynamics) also reflects the asymmetry
in the different decay processes. In Fig. 3, we include a
colored scheme of the Liouvillian matrix for the JC model

indicating those matrix elements responsible for either photon
losses or vibrational relaxation or both simultaneously. The
matrix is block diagonal, such that each block evolves in
time independently. The first matrix block contains elements
with the form (�i�i; � j� j ) for i, j = 0, 1, 2 (note that labels
�0 = {G}, �1 = {L,U }, �2 = {L2,U2} correspond to exci-
tation manifolds). There are transitions �i�i → �i−1�i−1

due to photon losses, while the opposite process (pumping)
�i�i → �i+1�i+1 does not occur. Similarly, within the sec-
ond block, the photon losses show up in transitions between
coherences �2�1 → �1�0, but not in the opposite direction.
Molecular vibrational relaxation is present only within the
blocks (�i�i; �i�i ) with i = 1, 2, (�i+1�i; �i+1�i ) with
i = 0, 1, and (�i+2�i; �i+2�i ) with i = 0.

While the Liouvillian matrix elements may be calculated
in closed form, the dynamics ρ̂(t ) = eL̂t ρ̂(0) must be solved
numerically. As an example, we discuss an initial state that
is a superposition of polaritons within the first excitation
manifold, i.e., ρ̂(0) = |�〉〈�| with |�〉 = CL|L〉 + CU |U 〉.
The evolution is then fully determined by the zero- and
one-excitation manifolds, and the reduced Liouvillian master
equation takes the form

d

dt

⎛
⎜⎜⎜⎜⎝

ρGG(t )
ρLL(t )
ρUL(t )
ρLU (t )
ρUU (t )

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

0 κ/2 κ/2 κ/2 κ/2
0 −κ/2 −κ/4 −κ/4 γ /4
0 −κ/4 −κ/2 − γ /8 − i�R γ /8 −κ/4
0 −κ/4 γ /8 −κ/2 − γ /8 + i�R −κ/4
0 0 −κ/4 −κ/4 −κ/2 − γ /4

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

ρGG(t )
ρLL(t )
ρUL(t )
ρLU (t )
ρUU (t )

⎞
⎟⎟⎟⎟⎠. (7)

Of the five eigenvalues of this Liouvillian matrix, two
have simple analytic forms, λGG = 0, λUU = −κ/2 − γ /4,
while the remaining three, λLL, λLU , λUL, are the ana-
lytic solutions of the polynomial 256κ�2

R + (16γ κ + 32κ2 +
64ω2

R)λ + (2γ + 12κ )λ2 + λ3 = 0. These solutions can be
approximated as λLL ≈ −κ/2, λLU ≈ −κ/2 − γ /8 + i�̃R

and λUL ≈ −κ/2 − γ /8 − i�̃R, with a shifted Rabi fre-
quency �̃R = ωUL + πUL (see also Fig. 2 to locate these
relevant eigenvalues). Time propagation is straightforward
within the diagonalized (spectral) representation of the Liou-
villian, with populations given by ραα (t ) = ∑

α′β ′ Cαα
α′β ′eλα′β′ t ,

where Cαα
α′β ′ = 〈〈∗|αα〉〉vα′β ′ 〈〈∗|vα′β ′ 〉〉ρ̂(0). In particular, the

populations for the above-mentioned initial condition can be
written as

ραα (t ) = Cαα
LL e−	LLt + Cαα

UU e−	UU t + 2e−	ULt�[
Cαα

ULei�̃Rt
]
,

(8)

where we have used that Cαα
UL = (Cαα

LU )∗. Eq. 8 involves two
terms with exponential decays for Liouvillian eigenstates
associated with populations, for the |vLL〉〉 and |vUU 〉〉 com-
ponents, and additional damped oscillatory terms due to the
Liouvillian coherences |vLU 〉〉 and |vUL〉〉. As shown below,
this result qualitatively explains the behavior of the diagonal
and cross peaks in 2D spectra after excitation, with respect to
the waiting time delay, namely, exponential decay accompa-
nied by Rabi oscillations.

The TC model with N = 2 emitters adds a new dark state
D in the dynamics and the master equation now involves a 6 ×
6 reduced Liouvillian matrix as shown in Eq. 9. One realizes
that while photon loss rates enter in TC in analogy with the
JC model, the vibrational relaxation rates enter differently and
not only in the new column and row involving the dark state.
Thus, the presence of dark states modifies the global dynamics
of populations and coherences within the whole system.

d

dt

⎛
⎜⎜⎜⎜⎜⎜⎝

ρGG(t )
ρLL(t )
ρUL(t )
ρDD(t )
ρLU (t )
ρUU (t )

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 κ/2 κ/2 0 κ/2 κ/2

0 −κ/2 −κ/4 + γ /8 γ /4 −κ/4 + γ /8 γ /8

0 −κ/4 −κ/2 − 3γ /16 − i�R −γ /8 γ /16 −κ/4 + γ /8

0 0 −γ /8 −γ /4 −γ /8 γ /4

0 −κ/4 γ /16 −γ /8 −κ/2 − γ /8 + i�R −κ/4 + γ /8

0 0 −κ/4 0 −κ/4 −κ/2 − 3γ /8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

ρGG(t )

ρLL(t )
ρUL(t )
ρDD(t )
ρLU (t )
ρUU (t )

⎞
⎟⎟⎟⎟⎟⎟⎠

(9)
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FIG. 4. (a) 2DS scheme showing three delayed laser pulses separated by coherence time τ and waiting time T . The signal is emitted during
the detection time t . (b) Set of double-sided Feynman diagrams for the rephasing phase-matching condition (−k1 + k2 + k3) considering
the excitation manifolds {�0, �1, �2}, that correspond to GSB, SE, and ESA processes, plus those GSR and ESA′ processes derived when
relaxation occurs after excitation. Red arrows indicate dipole interactions with the laser pulses and outgoing black dotted arrows represent the
detected signal. Note that the notation |�1〉〈�1| indicates both populations and coherences, since �1 = L,U .

The Liouvillian real eigenvalues of the JC model correspond-
ing to the decay widths 	 have a dependence upon the choice
of rate parameters κ (photon loss) and γ (vibrational relax-
ation). The decay widths show a linear scaling with κ , with
a slope 2n−1

2 for each excitation manifold �n, and remain
with the same trend for any number of molecular emitters N .
Widths also display a linear scaling against the relaxation rate
γ with slopes that depend on the nature of the state more than
on the excitation manifold. For instance, in the JC model, λLL

and λL2L2 share zero, λUU and λU2U2 share the same γ /4, and
coherences λLU and λUL have γ /8. However, the molecular
relaxation has a more complex scaling rule when N increases.

C. Linear absorption and emission spectra

Absorption and linear emission spectroscopy characterize
the linear response of the system upon excitation. For absorp-
tion, the spectra is obtained as the Fourier transform of the
two-time correlation function

SAbs(ωL ) = �
[∫ ∞

0
〈â(t ′)â†(0)〉eiωLt ′

dt ′
]
. (10)

Note that in Fabry-Perot-like cavities the laser pumping
through the mirrors is treated following the input-output the-
ory, where the external laser pulses only drive the cavity
mode(s) directly, which in turn mediate the coupling to the
molecules [36]. Emission is obtained from the response under
excitation by a weak continuous-wave laser driving field with
frequency ωL, i.e., ĤL(t ) = E0(âeiωLt + â†e−iωLt ), described
within the rotating-wave approximation. Transforming to a ro-
tating frame with the unitary operator U (t ) = eiâ†âωLt/h̄ yields
a time-independent Hamiltonian without affecting the other
terms in the Liouvillian superoperator. The emission spec-
tra can then be calculated from another two-time correlation
function in the steady state s (fulfilling ρ̇ = 0), i.e.,

SEm(ωL, ω) = �
[∫ ∞

0
〈â†(t ′)â(0)〉se

−iωt ′
dt ′

]
. (11)

Note that the correlation does not disappear for t → ∞, but
reaches a constant value, limt→∞〈â†(t )â(0)〉s = |〈â〉s|2, corre-
sponding to elastic scattering of the laser, i.e., a delta peak at

frequency ωL. This contribution is not plotted in the emission
spectra shown below.

D. Non-linear two-dimensional spectroscopy

While linear spectroscopies only involve the two lowest ex-
citation manifolds (�0,�1), 2D spectroscopy to lowest order
involves the three lowest excitation manifolds (�0,�1,�2),
and can be understood as a coherent excitation energy-
resolved pump-probe experiment. As depicted in Fig. 4(a), the
first interaction of the system with the field E1(t ) creates a
coherence that evolves according to the Liouvillian during the
coherence time delay τ . The interaction with E2(t ) converts
the initial coherence into a population on the ground or excited
state. The system evolves during the waiting time T before a
third field interaction with E3(t ) generates a coherence that
eventually radiates a signal field during the detection time
period t , which is proportional to the third-order polarization
P(3)(τ, T, t ).

Two common routes to compute third-order spectra are to
either directly use third-order perturbation theory [37–39] or
to extract the third-order component of the density matrix
from the full nonperturbative solution of the quantum dy-
namic equations [40,41]. We follow the first route here, which
provides a conceptually simple way to understand the under-
lying physics. The third-order polarizability is thus given by
P(3)(t ) = Tr[μ̂ ρ (3)], where ρ (3) corresponds to the third-order
perturbative component of the density matrix, and μ̂ is the
operator coupling the system to the incoming laser.

ρ (3) can be expressed via time-ordered integrals, where the
initial density operator ρ0 is subject to three laser interactions
at the times t1 < t2 < t3:

ρ (3)(t ) =
∫ t

t0

dt3

∫ t3

t0

dt2

∫ t2

t0

dt1G(t − t3)V̆ (t3)G(t3 − t2)

× V̆ (t2)G(t2 − t1)V̆ (t1)ρ(t0). (12)

Here, the notation V̆ (t ) indicates a superoperator that applies
the interaction operator V̂ (t ) = −μ̂E (t ) as a commutator,
V̆ (t )ρ(t ) = 1

ih̄ [V̂ (t ), ρ(t )], with E (t ) as the driving laser field
amplitude, while G(�t ) = eL�t indicates the field-free time
propagator (Green’s function) over a time interval �t . The
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third-order polarization can be reexpressed in terms of the
third-order response function S(t, T, τ ) (being t, T, and τ

general time intervals) as

P(3)(t f ) =
∫ t f

t0

dt3

∫ t3

t0

dt2

∫ t2

t0

dt1

× E (t3)E (t2)E (t1)S(t f − t3, t3 − t2, t2 − t1),
(13)

where

S(t, T, τ ) = Tr[μ̂G(t )μ̆G(T )μ̆G(τ )μ̆ρ(t0)]. (14)

We now assume the sudden impulsive limit for the laser
fields involved, with a Dirac delta as the envelope function for
the three laser fields E (t ) = E0δ(t − τi ) exp[i(±kir ∓ ωit )],
for i = 1, 2, 3 (note that here E0 has dimensions of elec-
tric field by time). This is a reasonable approximation for
sufficiently short nonoverlapping laser pulses. It implies a
large spectral bandwidth and produces simplified expressions
since it gives P(3)(t f ) = S(t, T, τ ), where now t = t f − τ3,
T = τ3 − τ2, and τ = τ2 − τ1. For target systems that con-
serve momentum (as planar Fabry-Pérot cavities do in the
in-plane directions), phase-matching conditions imply that
the signal can be split into distinct components for which
emission occurs in different directions that can be distin-
guished experimentally [39]. The most typical choices are
the rephasing (R) (−k1 + k2 + k3) and nonrephasing (NR)
(+k1 − k2 + k3) components, since the sum of both contribu-
tions produces the total absorptive 2DS. The chosen sign + or
− for ki in the phase-matching condition determines (within
the rotating-wave approximation) whether the excitation μ̂+
or deexcitation μ̂− part of the coupling operator acts for
each interaction. For instance, the response function for the
rephasing matching condition reads

SR(t, T, τ ) = Tr[μ̂−G(t )μ̆+G(T )μ̆+G(τ )μ̆−ρ(t0)]. (15)

Here, the last operator μ̂− corresponds to the signal emission.
By expanding the nested commutators, one arrives at eight
terms, each of them corresponding to a particular double-sided
Feynman diagram of the rephasing process. Under coherent
evolution of the system and within the rotating-wave ap-
proximation, only three out of eight diagrams contribute to
the signal, namely, ground-state bleaching (GSB), stimulated
emission (SE), and excited state absorption (ESA), as in-
cluded in Fig. 4(b). Taking into account incoherent processes
such as relaxation (which are often orders of magnitude faster
in polaritonic systems than in isolated molecules), the system
does not stay in the same eigenstate even during the field-free
evolution, and additional Feynman diagrams become relevant.
Note that the Feynman diagrams shown in Fig. 4(b) are based
on labels corresponding to excitation manifolds, not explicit
states, such that relaxation processes that occur within an
excitation manifold are implicitly contained in each one. One
additional path, the ground-state recovery (GSR), involves
population relaxation from the first excitation manifold, i.e.,
|�1〉〈�1| → |G〉〈G|, and ensures that the GSB signal decays
when the molecular system relaxes back into the ground
state (see Ref. [42]). Another path, ESA′, is equivalent to
ESA but with an additional decay process happening between
excitation by the third pulse and photon emission t , i.e.,

|�2〉〈�1| → |�1〉〈G|. We find this pathway relevant in the
buildup of the 2DS at short T . Note that both GSR and ESA′

paths involve relaxation due to decay of cavity photons, thus
connecting different excitation manifolds. Vibrational relax-
ation only happens within the same excitation manifold.

The rephasing 2D spectrum SR(ωt , T, ωτ ) is obtained after
the 2D Fourier transform of SR(t, T, τ ), while the total absorp-
tive 2D spectrum is obtained by adding also the nonrephasing
contribution, SAbs(ωt , T, ωτ ) = �(SR + SNR).

E. Simple formula for 2DS

Here, we derive a simple formula for the computation of
2DS (in principle valid for any open quantum system de-
scribed by a diagonalizable Liouvillian). As mentioned above,
the density operator can be vectorized with a compact nota-
tion based on a single combined index. With this vectorized
form, the time-dependent master equation reads d

dt |ρ(t )〉〉 =
L̂|ρ(t )〉〉. The formal solution is simply |ρ(t )〉〉 = eL̂t |ρ(0)〉〉,
which can be straightforwardly represented within the basis
of eigenstates |vi〉〉 of the Liouvillian (with L̂|vi〉〉 = λi|vi〉〉)
as |ρ(t )〉〉 = ∑

i c(0)
i eλit |vi〉〉, where c(0)

i = 〈〈∗|vi〉〉ρ(0) are the
coefficients of the initial density matrix in the Liouvillian
eigenbasis. The matrix representation of the Liouvillian is
neither Hermitian nor symmetric and the left and right eigen-
vectors are thus distinct, but do fulfill 〈〈∗|vi〉〉v j = δi j .

Expressing the superoperator (μ̆ρ̂ = 1
ih̄ [μ̂, ρ̂]) in the eigen-

basis of the field-free Liouvillian, μ̆i j = 〈〈vi|μ̆v j〉〉, then leads
to a compact expression for the third-order density matrix. For
instance, in the rephasing matching case, the result is

|ρ(t )〉〉 =
∑
i jkl

eλkt eλ j T eλiτ μ̆+
k jμ̆

+
jiμ̆

−
il c(0)

l |vk〉〉. (16)

The field-free propagation during the times (t, T, τ ) is re-
flected in the exponential factors.

The third-order nonlinear response function, S =
Tr[μ̂−ρ(t )], is obtained in Liouville space simply
as S = 〈〈∗|μ̂+〉〉ρ(t ). Thus, the expression for the
rephasing response function becomes SR(τ, T, t ) =∑

i jkl eλkt eλ j T eλiτ μ̂−
k μ̆+

k jμ̆
+
jiμ̆

−
il c(0)

l , where μ̂−
k = 〈〈∗|μ̂+〉〉vk .

Performing a 2D Fourier transform over t and τ and
reorganizing the summations then leads to a remarkably
simple expression for the 2D spectrum:

S(ωt , T, ωτ ) =
∑

j

E j (ωτ )eλ j T D j (ωt ), (17)

with an excitation mask function Ej = ENR
j + ER

j , where

ENR/R
j (ωτ ) =

∑
il

1

±iωτ + λi
μ̆∓

jiμ̆
±
il c(0)

l (18)

(the rephasing signal is located in the (ωt ,−ωτ ) quadrant
[39]) and a detection mask function

Dj (ωt ) =
∑

k

1

iωt + λk
μ̂−

k μ̆+
k j (19)

that only depend on excitation ωτ and detection ωt frequen-
cies, respectively. Notice that the index j in Eq. 17 runs over
the whole set of eigenstates of the Liouvillian. However, in
practice, only a few of them contribute simultaneously to
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FIG. 5. 2D absorptive spectrum SAbs(ωt , T, ωτ ) for a TC model
with N = 2 molecules in resonance with the cavity ω0 = ωc = 2 eV,
Rabi frequency �R = 0.1 eV, cavity lifetime 15 fs, and dephasing
lifetime 50 fs, and BRW with a spectral function J (ω) = γ (at zero
temperature) for waiting time T = 0. The spectrum is built follow-
ing Eq. 17 with the index j running only over the three leading
Liouvillian eigenvalues, that we label here as {λLL, λUU , λDD} (see
Fig. 2). The contributions to the excitation Re[Ej (ωτ )] and detection
Re[Dj (ωt )] masks are also plotted along the corresponding axis. 2D
spectrum is normalized to unity at its maximum value.

the absorption and emission masks. We note that these mask
functions are not directly observable quantities: the complex
excitation mask Ej (ωτ ) does not in general coincide with the
linear absorption spectrum, and the complex detection mask
Dj (ωt ) does not correspond to neither the emission spectrum
nor any transient absorption spectrum.

An example of the construction of the 2DS through the
excitation and detection mask functions is included in Fig. 5
(here and in the following, we set h̄ = 1). This plot cor-
responds to �[S(ωt , T, ωτ )] for a TC model with N = 2
molecular emitters with Rabi energy splitting �R = 0.1 eV
subject to relaxation due to photon loss and dephasing, and
for a chosen waiting time T = 0 so that the factor e−λ j T is
unity. In this particular case we find that from the 64 complex
eigenvalues to be included in the sum in Eq. 17 (see also.
Sec. II B), in practice we only need three eigenvalues (those
corresponding to populations λLL, λUU , and λDD). In this case,
even though the excitation mask barely shows a contribution
from the dark state λDD, this becomes dominant in the detec-
tion mask and is responsible for the asymmetric signals at the
cross peaks (ωτ , ωt ) = (1.95, 2.05) eV and (2.05,1.95) eV. In
contrast, this asymmetry between the two cross peaks is not
present in the JC model (without dark states) at T = 0 (see
Fig. 10 below).

FIG. 6. (a) Linear absorption spectrum SAbs(ωL ) for a polariton
system with N = 2 molecules within a resonant cavity ωc = ω0 =
2 eV with a Rabi splitting �R = 0.1 eV and cavity lifetime 15 fs
and dephasing lifetime 50 fs. Absorption bands are located at ωLG =
1.95 eV and ωUG = 2.05 eV. Results obtained by using the Lindblad
formalism for both cavity and molecular dephasing. (b) Same as
(a) but using Bloch-Redfield-Wangsness theory, only for the molec-
ular dephasing. (c) Excitation-emission spectrum SEm(ωL, ω) for the
same polariton system as a function of the laser excitation fre-
quency ωL and emission frequency ω, using the Lindblad formalism.
(d) Same as (c) but BRW theory replaces Lindblad formalism for
dephasing. All spectra are normalized to unity at their respective
maxima.

III. RESULTS

We have implemented the expressions above in a numerical
code written in PYTHON and based on the QUTIP quantum
optics toolbox [43], used to produce all results shown below.
Due to the computational efficiency, all results presented in
this work can be calculated on a desktop computer.

A. Linear spectroscopy

Upper (U) vs lower (L) polariton asymmetries in the signal
strengths in both linear absorption and emission spectra of
polaritons have already been analyzed theoretically [35,44],
although in Ref. [44] using exclusively Lindblad operators.
Instead, our approach using Markovian BRW theory intro-
duces the asymmetry more naturally through the function
SB(ω) and provides a more consistent approach as imple-
mented in Ref. [35] for absorption. In Fig. 6 we include the
linear absorption and excitation-emission spectra for a TC
model with N = 2 emitters. When the dephasing process is
implemented as a Lindblad operator, both spectra are highly
symmetrical. With the BRW theory the upper polariton ab-
sorbs less than the lower one and the emission spectra display
a strong asymmetry where the U/L peak dominates. This
reflects the importance of correctly representing the decay
mechanisms of polaritons. In these linear spectroscopies, the
states involved are the ground state G and those of the first
excitation manifold {L, D,U }. The upper polariton U decays
to the ground state G by photon loss but also to the lower
polariton L and the dark states due to vibrational relaxation,
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FIG. 7. Time evolution of the diagonal peaks {L/L,U/U}
and cross peaks {L/U, U/L} in the two-dimensional spectrum
|S(ωt , T, ωτ )| for a system of N = 2 molecules in resonance with
the cavity ω0 = ωc = 2 eV, Rabi frequency �R = 0.1 eV, cavity
lifetime 15 fs, and dephasing lifetime 50 fs. The chosen simple
spectral density function here is J (ω) = γ at zero temperature. The
components corresponding to populations (exponential) and coher-
ences (oscillatory) are separated in the first two panels.

whereas the lower polariton decays only to the ground state
(at low enough temperature or high enough Rabi splitting).
Thus, the upper polariton peak is broadened in the absorption,
and in the emission spectrum the path of laser excitation of
the upper polariton followed by relaxation to the lower polari-
ton produces the dominant U/L peak. However, these linear
spectroscopies do not provide a detailed understanding on the
inner dynamics of the polariton states involved, and below we
study these emerging asymmetries beyond the linear response.

B. Non-linear 2D spectroscopy

In Sec. II E we derived a formula for the 2D spectral func-
tion S(ωt , T, ωτ ) by which the 2DS at each pair of frequencies
(ωτ , ωt ) can be understood as built from the interference of
damped oscillations, eλ j T = e−	 j T eiω j T , with different ampli-
tudes Ej (ωτ )Dj (ωt ). A detailed analysis reveals that only for
a few Liouvillian eigenstates neither the excitation nor the
detection mask functions vanish, and only these contribute to
the sum over j in Eq. 17. In our polariton showcase, these
states are related to Hamiltonian populations {LL,UU, DD}
and coherences {LU,UL}. The temporal factor e−	 j T causes
a leading exponential decay during the waiting time T , while
the factor eiω j T explains the ubiquitous presence of Rabi os-
cillations in the 2DS, since the only contributing frequencies
ω j ∼ ±ωUL correspond to coherences that involve the lower
L and upper U polaritons (see Fig. 7 where we illustrate the
crucial importance of coherences during the waiting time T
since they provide most of the oscillatory components). As an-
alyzed in the theory Sec. II B, the location of the eigenvalues
in the complex plane helps to understand the relative global
decay of populations, showing that the upper polariton decays
faster because it has three available decay channels (U → G
due to photon loss and U → D and U → L due to vibrational
bath relaxation). Both the lower polariton and the dark states
have a single decay channel each (L → G due to photon loss
and D → L due to vibrational relaxation). In many exper-
imental implementations with thin metallic mirrors, photon
loss lifetimes are shorter than molecular dephasing lifetimes
[4], and we here choose 15 fs for 1/κ and 50 fs for 1/γ .
However, note that for the comparison of our results with

the experimental ones of Ref. [23] in Sec. III C, the reverse
criterion (1/κ > 1/γ ) is required for improved agreement.

For the open TC systems, a major feature is found in the
computed 2DS as the waiting time T increases (see Fig. 7);
they develop strong asymmetries during the waiting time T ,
revealed by the relative intensities of cross peaks (L/U <

U/L), with the diagonal peak L/L displaying the fastest decay
(see Fig. 7). A similar behavior is found experimentally for
J-aggregates within optical cavities [23], as discussed below.
In contrast, for a nondissipative TC model the 2DS shows
identical diagonal peak intensities (L/L and U/U) in tempo-
ral counterphase with identical cross-peak heights (U/L and
L/U) for all waiting times T and the 2DS show full revivals
when T/TR is integer (Rabi oscillations).

To understand the origin of these asymmetries in 2DS, in
Fig. 8 we analyze the calculation step by step for a dissipative
TC model with N = 2. Intermediate temporal expressions for
the density |ρ〉〉 help us to track the history at each step. Note
that the perturbative density matrix ρ(t ) is not Hermitian and
is not represented by a positive definite matrix, since ρ (3) for
a given phase-matching condition involves commutators with
non-Hermitian coupling interactions μ̂+ and μ̂−.

(1) The first pulse takes the ground-state population GG
to the coherences {GL, GU } [rephasing case, see Fig. 4(b)]
and {LG,UG} (nonrephasing). These coherences form inde-
pendent diagonal blocks in the Liovillian representation and
do not mix.

(2) Time evolution τ : the coherences evolve within their
matrix blocks with a phase eλ jτ , where λ j contains frequencies
ω j ∼ ±ωGU or ω j ∼ ±ωGL, so that signals in the 2DS are
expected at both frequencies. From the Liouvillian master
equations we extract ρ̇LG = −(κ/2)ρLG + (γ /8 − κ/2)ρUG

and ρ̇UG = −(κ/2)ρLG + (−γ /8 − κ/2)ρUG. Thus, the de-
phasing (with the parameter γ ) makes the coherence UG
decay slightly faster than the LG one.

(3) The second pulse takes the previous coherences to
populations {GG, LL,UU } and coherences {LU,UL} (con-
tained in another diagonal block in the Liouvillian matrix).
The Fourier transform of �[ρ(t )] up to this step is plotted in
Fig. 8(a). Whereas the population LL inherits a combination
∝ −(LG − GL) from step 2 (and consequently produces a
signal at frequency ωτ = ωLG but zero at ωUG), the population
UU comes from ∝ −(UG + GU ) (with a peak at frequency
ωτ = ωUG but zero at ωLG). Therefore, both signals must be
asymmetric with respect to frequencies ωLG and ωUG. The GG
population results from the combination ∝ +(UG − LG +
GL − GU ) that carries both frequencies (almost yields a sym-
metric signal) and has opposite sign with respect to the other
populations. A similar reasoning follows for the coherences
LU and UL. Since the coherence UG decays faster during
the evolution with τ , the peaks at ωτ = ωUG show a lower
intensity here.

(4) Evolution during T . In Fig. 8(b), we show two
different waiting times. For small times, T/TR = 0.5, the
appearance of the dark state population DD and the sign
inversion of the coherences {LU,UL} can already be no-
ticed. At longer times, T/TR = 5.0, the populations decay at
ωLG, but those of the ground and dark states prevail at ωUG.
Here, it can be appreciated that the ground-state population
increases roughly with the exponential decay of lower

063704-8



COHERENT MULTIDIMENSIONAL SPECTROSCOPY IN … PHYSICAL REVIEW A 109, 063704 (2024)

FIG. 8. Temporal buildup of the 2DS for a TC model with N = 2
in a vertical timeline with four stages: (a) excitation [pulse 1, τ , pulse
2], (b) waiting T , (c) pulse 3, and (d) detection. In the figures f (ρ )
indicates the Fourier transform of Re[ρ(t )] for the rephasing plus
nonrephasing contributions. Solid lines indicate the nonzero com-
ponents of f (ρ ) in terms of the Hamiltonian eigenstates in the
three excitation manifolds �0, �1, and �2. Vertical dashed lines
indicate the positions of the transition frequencies ωLG = 1.95 eV
and ωUG = 2.05 eV. Two waiting times are considered, T/TR = 0.5
and T/TR = 5.0. At the detection stage, f (ρ ) is plotted against ωt and
the solid line of the component G-G corresponds exactly to the 2DS
along the cuts ωτ = ωLG and ωτ = ωUG. (e) 2DS absorptive spectrum
SAbs(ωt , T, ωτ ) for the two waiting times. The system and parameters
for this calculation are the same as described in Fig. 7. Spectra are
normalized to unity at their maxima.

polariton population LL, at ωLG. In contrast, at ωUG the
ground-state population increases due to the upper polariton
U decay, but to a lesser extent also because U decays into the
dark state D. This is in fact the crucial step due to which the L
vs U asymmetry eventually appears in the 2DS.

(5) Pulse 3 causes the transfer to the coherence
blocks {LG,UG} and {�2�1}. From the previous step,
{GG, LL, LU } contribute to the coherence LG and
{GG,UL,UU } do so for the coherence UG. This explains the

components seen in Fig. 3(c). Specifically, for long waiting
times the shapes of {LG,UG} coherences originate from the
dominant ground state in Fig. 8(b). Also, population DD is
excited to coherences �2D. Similarly, LL transfers to L2L and
UU to U2U .

(6) Signal is detected during the evolution in time t : the
coherences {LG,UG} decay to the ground-state population
GG and coherences {�2L,�2U,�2D} decay radiatively to
the �1 populations LL, DD, and UU , plotted in Fig. 8(d)
along the excitation cuts ωτ = ωUG and ωτ = ωLG. The sum
of these populations gives the structures observed in the 2DS
in Fig. 8(e).

When exciting at the upper polariton frequency ωτ = ωUG,
the most important negative contribution to the 2DS comes
from the population UU at short waiting times, whereas at
long waiting times the U state decays into the dark states
and the DD population dominates. In contrast, for lower po-
lariton excitation ωτ = ωLG, the dynamics of the negative
contribution to the 2DS is governed by the LL population
at any waiting time, because dark states hardly contribute to
the dynamics and all populations have similar shapes during
T (only the intensity is reduced exponentially as expected).
Whereas the population contributions tend to approximately
cancel each other for lower polariton excitation as T increases,
this does not occur when pumping the upper polariton, which
has a different mechanism that is contributed by the dark
state. Ultimately, this explains why at long waiting times the
U/L and U/U peaks remain visible against the more rapidly
vanishing L/L and L/U peaks in the 2DS.

To understand these asymmetries in another way, we show
in Fig. 9 the decomposition of the total 2DS of Fig. 8(e)
into all Feynman path components GSB, GSR, SE, ESA,
and ESA′ for the same two waiting times. The GSB positive
contribution remains constant during the waiting time, while
GSR grows (with opposite sign) since any state finally decays
into the ground state. For long waiting times the LL popu-
lation fully relaxes by photon loss after excitation into the
ground state and GSR roughly produces the same signal as
the GSB component but with opposite sign, thus producing
a complete cancellation in the spectra at ωτ = ωLG (lower
peaks L/L and L/U). At variance, the UU population may
decay by dephasing relaxation to the dark D state and lower
L state, and to the ground state by photon loss. Thus, the
residual GG population to be excited by the third pulse in
GSR becomes smaller than in GSB, which leads to only a
partial cancellation in GSB + GSR at the upper peaks U/L
and U/U. In the negative ESA component, the third pulse
makes the difference when exciting at ωτ = ωLG or ωτ =
ωUG. In the former case, the coherence L2L moves back to
the LL population in detection, aided only by a cavity photon
loss; in the latter case the coherence U2U decays into UU
and subsequently into DD populations at detection, aided by
both molecular relaxation and cavity photon loss. Eventually,
the DD population produces the remnant ESA signal, already
present for T/TR = 5.0.

The contribution of the five different components (GSB,
SE, ESA, GSR, and ESA′) to the 2DS depends upon the
waiting time T . In this respect both components SE and ESA′

are crucial in the construction of the full 2DS but they tend to
vanish at large waiting times due to the relaxation of
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FIG. 9. Components GSB, GSR, SE, ESA, and ESA′ of the total absorptive spectrum SAbs(ωt , T, ωτ ) plotted in Fig. 8(e) for two different
waiting times T/TR = 0.5 and T/TR = 5.0, related to the Feynman paths quoted in Fig. 4(b). Each component contributes to a total absorptive
spectrum which is normalized to unity at its maximum. It is worth noting that 2D plots always contain both population and coherence
components, so that GSR and SE show both positive and negative signals at short T . At large T GSR is negative and it compensates the
positive GSB and the residual SE becomes positive.

populations and coherences from the �1 and �2 excita-
tion manifolds. The mechanism of the ESA′ component
corresponds to relaxation between coherences of different
excitation manifolds from |�2〉〈�1| to |�1〉〈G|. In Fig. 9 both
contributions ESA and ESA′ clearly contribute to the negative
part of the spectrum at short waiting time, T/TR = 0.5, while
SE and ESA′ components tend to vanish for the positive and
negative part of the spectra, respectively, for T/TR = 5 and
ESA remains the main negative contribution.

In addition to the case with N = 2 molecules discussed
above, we have also studied the 2DS for N = 1 (Jaynes-
Cummings) and for N = 3 and N = 10. Concerning the case
N = 1 we do not observe the same fading trends at large T in
the 2DS (see Fig. 10). In the absence of a dark state, here
the upper polariton still has two decay mechanisms (radia-
tive U → G and vibrational U → L) so that at long T the
GSR signal for excitation at ωτ = ωUG should be larger than
for excitation at ωτ = ωLG. However, this difference is very
small compared with the case N > 1 with dark states. As T
increases, the GSR signals at any of the peaks fully cancel
the constant GSB, and this happens almost simultaneously.
Additionally, a shift of the peak energy of the negative ESA
components is visible along the excitation cut ωτ = ωUG dur-
ing T . At short time T , the ESA peak is centered at the
U2 → U transition. However, due to the dissipative U → L
decay, for large T the third pulse mainly excites the L state
to the second excitation manifold, with the subsequent ESA
peak centered at the transition L2 → L.

For the case of N > 2, as N increases, the energies of states
{A2} and {B2} in �2 get closer to those of the L2 and U2 po-
laritons, respectively. Thus, the ESA contributions for N > 2
produce negative signals approaching the detection frequen-
cies ωτ = ωLG and ωτ = ωUG (see Fig. 10). Note also that
these states in �2 are radiatively connected to the N − 1 dark
states in �1. However, the mechanism involving the collection

FIG. 10. 2DS for the dissipative Tavis-Cummings system for a
different number of molecules N = 1, 2, 3, and 10, and for three
different waiting times T/TR = 0.5, 1.0, and 5.0. The parameters are
the same as quoted in Fig. 9. All 2DS are normalized to unity at their
maxima.
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of dark states remains unaltered and the conclusions reached
for N = 2 are also valid for large N . Our results indicate that
the shape of 2DS remains unchanged for N � 3, while the
global intensity reduces with increasing N . In the thermody-
namic limit N → ∞, the TC model becomes linear and can
be represented by two coupled harmonic oscillators [22], such
that the anharmonicity that leads to a nonzero 2DS disappears.
However, a realistic treatment of 2DS for large systems would
require going beyond the third-order perturbative limit, as the
number of absorbed photons would also increase with N for a
given driving strength [37], reaching much higher excitation
manifolds �n, with the nonlinearity scaling as n/N . The sys-
tem is then expected to behave similarly as a TC model with
a small number of molecules, as implied by the reasonable
agreement with experiments (see Fig. 11 below).

C. Comparison with experiments

Recent experiments with a polaritonic system involving
molecular J-aggregates [23] inside a microcavity show three
main features in 2DS as a function of increasing waiting time
T (see Fig. 11), namely,

(1) the 2DS rapidly develops an asymmetry where the
U/L cross peak gains in intensity, while the L/U cross peak
disappears;

(2) the diagonal peak L/L, initially the most intense, has
the fastest decay and drops to an intensity level comparable to
the U/L cross peak; and

(3) the peaks L/L and U/L dominate compared to the U/U
and L/U peaks.

To reproduce these features, we study a dissipative TC
model with N = 5 molecules (larger ensembles do not show
distinguishable differences in the 2DS, as discussed above)
with a two-level natural frequency ωe = 2.09 eV and with
a slightly blue-shifted cavity mode, ωc = 2.1 eV. As in the
experiment, the Rabi frequency is chosen as �R = 0.3 eV. To
reproduce the experimental conditions more realistically, tem-
perature effects are also incorporated in the exciton-phonon
coupling through a Debye spectral function for the bath at
room temperature T = 300 K and using a frequency cut-off
parameter δ = 0.2 eV. We also find that the cavity lifetime
(120 fs) must be set somewhat longer than the dephasing
lifetime (60 fs) to reproduce the three experimental features
listed above. The source of these phenomena stems from
the relaxation mechanisms of states in �1 and �2 manifolds
as explained above. Of course, the comparison of the sim-
ple model treated here with the experiment is not perfect.
J-aggregates have interactions with the environment and be-
tween molecules in addition to a phonon structure that might
cause a slower decay of peaks than that produced by the elec-
tronic motion alone. Oscillations in the L/L and U/L peaks vs
T present in the experiment below 500 fs [Fig. 11(c)] cannot
be attributed to electronic Rabi oscillations [which, in fact,
are much faster and visible in the theoretical peaks L/U and
U/L below 500 fs in Fig. 11(b)]. We speculate that a more
detailed account of the vibrational structure and its influence
on the polariton modes (in the current model determined
by the single parameter γ ) would be required to reproduce
these experimental features while keeping a shorter cavity
lifetime. However, despite the simplicity of our model, the

FIG. 11. (a) 2DS |S(ωt , T, ωτ )| for a TC model with N = 5
emitters, for different waiting times T (in units of the Rabi period
TR = 1/�R = 13.8 fs). The 2DS at waiting time T/TR = 0 is nor-
malized to unity at its maximum value and those for T/TR > 0 share
the same scale as in T/TR = 0. The molecular system has a small
positive detuning with ωc = 2.1 eV and ω0 = 2.09 eV, and a Rabi
splitting �R = 0.3 eV. Dotted lines indicate the positions for the
transition frequencies ωLG = 1.945 eV and ωUG = 2.245 eV. Cavity
lifetime is 120 fs and molecular dephasing lifetime is chosen as 60 fs,
and we have also considered a Debye spectral function (with cut-off
δ = 0.2 eV) at room temperature (T = 300 K). (b) Time evolution of
the diagonal- and cross-peak maxima in (a) in terms of the waiting
time T . The peak heights are renormalized such that the value of the
highest peak L/L at T = 0 is unity. (c) Experimental data extracted
from diagonal and cross peaks in the 2DS in Ref. [23] corresponding
to a system of J-aggregates within an optical cavity.
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reproduction of the trends of these three experimental features
is remarkable.

It would be useful to extract from the experimental 2DS
some physical parameters, such as partial decay rates for
the processes involved in the polariton photodynamics. The
time evolution of diagonal or cross peaks against the waiting
time already contains information on the decays. From our
expression for 2DS Eq. 17 we can extract the value of the
spectra at any frequency point (ωτ , ωt ). For the L/L diag-
onal peak the analytical expression for the peak intensity
reads

|S(ωL, T, ωL )|2 = C1e−2	LLT + e−(	LL+	UL )T

× [C2 cos(�RT ) + C3 sin(�RT )] + e−2	ULT

× [C4 cos2(�RT ) + C5 sin2(�RT ) + C6 sin(2�RT )],

(20)

where 	LL = κ/2 and 	UL = κ/2 + γ /8. From the latter
equation we have worked out a simplified expression to fit the
2DS L/L peak,

|S(ωL, T, ωL )|2 ∼ |Ae−2	LLT + e−2	ULT [B cos(�RT )

+C sin(�RT )]|. (21)

For instance, for the 2DS obtained for the JC model in
Fig. 10, using κ = 0.044 eV (lifetime 15 fs) for cavity pho-
ton loss and γ = 0.0132 (lifetime 50 fs) for dephasing, the
fitting of the L/L peak against T with this five-parameter
function (A, B,C, κ, γ ) (Rabi frequency �R is extracted di-
rectly from the oscillations in the plot) yields 15 and 43 fs,
respectively.

IV. CONCLUSIONS

In this work, we have analyzed the structure and dynamics
of cavity polaritons derived from fundamental models such as
Jaynes-Cummings and Tavis-Cummings Hamiltonians com-
bined with a perturbative treatment of exciton-vibration
interactions in order to understand the outcome of multidi-
mensional coherent spectroscopy when applied to molecules.
We have derived an efficient pseudo-analytic procedure to

compute 2DS for three nonoverlapping laser pulses that al-
lows to interpret the two-dimensional spectrum by analyzing
their buildup at any stage, namely, excitation, evolution,
probe, and detection.

Asymmetries in experimental 2DS concerning diagonal
and cross peaks are here explained by the crucial role played
by dark states within the first excitation manifold. We show
the relevance of components GSR and ESA′ that involve
relaxation in addition to the standard GSB, SE, and ESA
components. The dynamic role of coherences is to bring os-
cillatory patterns to the spectra, on top of the background
contributed by populations, and is clearly relevant during the
waiting time between pump and probe. Finally, some emerg-
ing features in the ESA path produce a directly detected signal
in the 2DS that conforms a fingerprint of dark states.

The 2D experimental spectra with J-aggregates has more
complex structures and features that cannot be reproduced
fairly with our simplified model. Further developments re-
quire to include molecular vibrational states with their
corresponding anharmonicity, disorder, and broadening ef-
fects that eventually contribute at longer waiting times beyond
the fast electronic photodynamics. Also, we think our method
and conclusions may find applications in other scenarios,
for instance, in semiconductor microcavities [45] or to un-
derstand relaxation in plexcitonic materials [46]. We hope
this work may contribute to the design of new experiments
with electronic polaritons involving molecular ensembles in
microcavities, with emphasis on preparing the active system
with just a few atoms or molecules, which by itself is quite an
experimental challenge.
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